1.
Introduction.
In the method of stationary phase, one is concerned with the asymptotic expansion, as X --n of functions defined by integrals of the form b (1.1) I(X)
J exp {i)rp(t))f(t)dt.
a
We shall assume that the details of this method are familiar to the reader and need not be discussed.
Our concern here shall be with the asymptotic expansion of integrals of the form More precisely, we assume that, as t -+-, t I<V6 , N(m) -r (1.3) H(t) -,expe 1i b tc-6 7 cnt r(log t)n.
m-O n=O
Here each b, is real, N(m) is finite for all m and :Re(rm)1 is a monotonically increasing sequence with limit +w. In the limit t ---, we assume that an expansion of the form (1.3) holds with t replaced by
Itl and with, in general, different constants.
Clearly the Fourier kernel exp(itj is a special case of the general kernel we propose to study. Thus 2 we should expect to recover from our asymptotic analysis of (1.2) the stationary phase results valid for (1.1).
We should point out that there are functions, such as the Airy function Ai(t), which are oscillatory in one of the 11-mits t -+w and exponential in the other.
It will be apparent that integrals (1-2) with suc.-1'unctions as kernels can also be treated by the methods to be developed below. Here, however, we shall consider more general tp and, in particular, shall allow ep to be non-monotonic.
As is well-known, to derive the asymptotic expansion of (1.1) one must first identify its set of critical points. These include end points of integration, stationary points of ffn and points where either V or g fails to be infinitely differentiable. We shall show that, in addition to all of the above, the set of critical points for (1.2) also includes the zeros of rp.
Indeed, this is one of the main results of this paper.
To gain some insight into the critical nature of the zeros of m, suppose that (1.3) is only an asymptotic result and, in particular, is not valid near t = 0.
Then, no matter how large X is, there always exists a neighborhood of each zero of m throughout which H(Am)
is not asymptotically described by our assumed asymptotic forms. In other words, the asymptotic expansion of H(Wt,), as X -m, undergoes a drastic change as t passes through any of these neighborhoods. For this reason we can think of these neighborhoods as "boundary layer regions." It is certainly reasonable that the rapid change in the asymptotic behavior of H( t) as t passes through a boundary layer region will affect the asymptotic expansion of I.
In the light of the above argument we can understand why the zeros of to are not critical points for (1.1). Indeed, the Fourier kernel H(t) = exp(it), has an asymptotic expansion as t -+w of the form (1.3). This expansion, however, holds for all t so that there are no boundary layer regions of the type just described.
In the following section we reduce our problem to the study of certain integrals of canonical type. In Section 3, we consider some results concerning Mellin transforms that are needed to implement our methods. 
Then M[f;z] converges and is holomorphic in the strip
Also, within this strip as iyi --
The proof of this lemma is given in the Appendix.
As an example and to illustrate the sharpness of the estimate (3.8), let us consider the function Then to Justify the displacement of the contour to the line Re(z) = k > c±, one must still show that
lYl-- 
for all x > x 0 .
Proof: The proof of this lemma is given in the Appendix.
Remarks: The hypotheses of Lemma 2 simply provide As is readily seen, this last result is in agreement with that predicted by Lemma 5.
Asymptotic Expansion of I*(k).
By using the theory of Mellin transforms developed in the previous section, we shall now derive asymptotic expansions for the two canonical integrals (2.11). We first note that, if H(±s) has the asymptotic expansion Thus we can displace the contour to the line Re(z) = k so long as e(k) > 0, i.e., so long as
With (4.7) satisfied we have that f(X;k) exists.
The estimate (4.3) need not hold, however. We note that 6 (X;k) can be viewed as a Fourier transform with respect to log X. Indeed, we have The results of reference [7 ] show that whenever e(k) > 0, (4.14) lim)kk X•(;k) = 0, except possibly when 1 < 0 < 2 in (4.12). It is further shown that (4.14) still holds with 1 < p < 2, so long as Thus the infinite expansion (4.9) can be used to obtain the contribution to the asymptotic expansion of (1.2)
corresponding to a zero of T. We must point out, however, that we have not, as yet, established the critical nature of t -c. This can be done by explicitly obtaining the expansions of Ic (N) and adding them.
Only if the resulting sum is non-trivial can we conclude that t -c is a critical point for I(N). We shall investigate this point further in the following section along with some illustrative examples.
Explicit Results and Examples.
We wish now to determine the contribution to the asymptotic expansion of ( We now assume that, as t -c+,
In this event, the change of variable (2.9) is easily inverted to leading order. Indeed, we have Lg°° -°o Thus, it follows from (4.2) and (5.14) that, in this case, is infinitely differentiable at t = c. Then 
1) I(: CO
(9(t) 7 g(m).L (t-C)Om, t- C (5 .17) m;o g(t) ~c.ctm t -C.
